We present a theoretical and numerical investigation of the effect of a timevarying external driving force on interface growth. First, we derive a relation between the roughening exponents which comes from a generalized Galilean invariance, showing how the critical dimension of the model is tunable with the external field. We further conjecture results for the exponents in two dimensions, and find consistency with data obtained through simulations of two models we expect to be in the same universality class. Finally, we discuss how our results can be investigated experimentally.
Open systems pose among the most challenging problems in condensed-matter physics. The transient dynamics and rich steady-state behavior of systems ranging from dendrites to convective fluid cells provide a unique testing ground for the ideas and methods of nonequilibrium physics. Many such problems involve pattern formation where interfaces are present. A particularly well-defined problem of this kind is the roughening of a growing interface [1] . A great deal of theoretical progress has been made on this problem by analytic and numerical methods, following the now-classic work of Kardar, Parisi, and Zhang (KPZ) [2] . They proposed a nonlinear differential equation to model the height h of a growing interface driven by an external flux of particles:
where ν and λ are constants, and η is a random noise which is assumed to satisfy
Gaussian statistics with η( x, t)η( x ′ , t
, where D is a constant, and the brackets denote a statistical average. The vector x determines positions in a (d − 1)-dimensional plane [3] of a full space r = ( x, y), while t is time. The term proportional to λ describes lateral growth of the interface, and plays an important role in roughening. This nonlinearity also implies the model has no free energy.
Salient features of this system are the average velocity ∂ h /∂t ∼ const., and the interface width W ≡ h 2 − (h) 2 , where the bar denotes spatial average. The width obeys
for late times and large length scales, where L is the linear size of the growing substrate, and f is a scaling function. In any dimension, Eq. (1) presents an invariance, commonly referred to as "Galilean", providing an exact relationship between χ and z. In addition, for d = 2, a fluctuation-dissipation theorem allows one to calculate the interface exponents, χ = 1/2 and z = 3/2 [4] . These are consistent with numerical simulations and differ from the trivial exponents obtained for λ = 0: χ = (3 − d)/2 and z = 2 [5] . A renormalization-group analysis shows that the critical dimension of the model is d c = 3, but that it involves an infra-red unstable fixed point. Thus d c is thought to be a lower critical dimension for a transition which occurs in d > 3 between a strong coupling and a weak coupling behavior.
Many justifications of this equation have been made in different contexts, particularly for sputtered growth of epitaxial layers. Here we focus on the interface of a stable phase growing at the expense of a metastable phase [6] . One example of such a system is the full field model of critical dynamics, called model A [7] .
There a nonconserved order parameter field ψ( r, t) is the only dynamical mode.
In equilibrium, at low enough temperatures, a stable interface exists between coexisting uniform phases ψ ≈ ±1. If a system is prepared in this fashion and a constant external field H which is conjugate to ψ is applied, one of the two phases becomes metastable, and the interface advances through it. It can be shown that the dynamics of the interface separating those phases is described by the KPZ equation, with λ ∝ H [8] . Systems such as the surfaces of growing dendrites also correspond to the KPZ equation if one takes the appropriate limit of model C, where in addition to ψ, there is a conserved field coupled asymmetrically to the order parameter. In this case, the diffusion length of the conserved field must be much larger than the system size.
The purpose of this Letter is to study the interesting possibility of a time varying external field H(t) in model A. The mapping giving the KPZ equation still follows, but now with
Since H is an external field its time dependence can be prescribed in any fashion.
Most importantly, we expect it to be experimentally tunable, as we shall discuss below.
Assuming now a time-dependent λ(t) in the KPZ equation (1), there are a number of interesting properties, three of which we now describe. Our main working hypothesis will be that the scaling relation (2) still remains valid.
1. The equation has an invariance under a generalized "Galilean" transforma-
where ǫ is a constant vector of infinitesimal amplitude. This implies that λ(t) is not renormalized under the application of the renormalization group, since it is directly involved in an exact invariance of the equation. Here we consider a power-law dependence of λ(t) on time as:
where λ 0 is a constant, and report results for α > 0 (we have also studied α < 0). The invariance above implies the novel relations:
where the tunable critical dimension is obtained from the trivial λ = 0 exponents. If the scaling hypothesis is valid, these are exact results. We note that in the asymptotic regime, ∂ h(t) /∂t ∼ t −α . This model has been studied previously by Lipowsky [9] in a different context. 
for d = 2, with 0 ≤ α ≤ 1/4. For α > 1/4 one is above the critical dimension so that, at least for small λ 0 , we expect the ideal interface results with z = 2.
It then follows that one could have a phase transition in two dimensions for α > 1/4, if d c remains a lower critical dimension. Of course, the fixed point could become infra-red stable for some α in 0 < α < 1/4, so that there would be no transition in d = 2. In d = 3, the situation may be even more complicated. If χ were to take the ideal interface value of 0 for α > 0, with z determined from Eq. (6), the scaling exponents would jump discontinuously for α > 0. This question will be studied in more detail in future work.
We have checked our hypothesis numerically with two models for d = 2. conjectures are then most simply tested through the exponent β = χ/z, where A somewhat different way of checking our prediction for the exponents can be obtained from the crossover scaling form of W (L = ∞, t) proposed in [6] , which for d = 2 reads:
with g(x) ∼ x 1/12 for small x. Theoretical arguments and computer simulations of discrete growth models [11] have so far given φ = 4, while direct simulations of Eq. (1) seem to give [6, 12] φ = 3. If we assume that (9) remains valid for λ(t) ∼ t −α , we find W ∼ t (4−αφ)/12 , if α < 1/φ. For φ = 4 this agrees with our β in d = 2. In fact, we have checked the scaling form (9), with a time-dependent λ for both the GRSOS model and the KPZ equation, and obtained φ = 4 for both models. This lends strong support to our direct determination of β (see Fig. 2 ).
To obtain this result for the KPZ equation, it is crucial to realize that the lattice constant of the mesh in which we solve the equation must be smaller than the length scale ν 3 /λ 2 D. For coarser discrete meshes, as used in the previous works [6, 12] , we observe a crossover to φ = 3. Details of these results will be published elsewhere.
Experimentally, the phenomena described here can be probed with metastable systems such as a solid growing into a supercooled melt or into a supersaturated solution. The degree of metastability, which is proportional to λ, can be varied by, for example, progressively decreasing the degree of undercooling. Similarly, in a sputtered growth experiment, our results describe a system as the sputtering rate is tuned to fall off algebraically in time. Thus we expect it to be experimentally feasible to probe the three properties we have discussed: The generalized relation of Galilean invariance, the possibility of a phase transition at physical dimensions, and the tunable roughening exponents. 
